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In someapplicationsof piezoelectrically
drivenacousticresonators,
the powerdissipatedin the resonating
materialmay be sufficientto significantlychangethe temperatureand hencethe resonance
frequency.A
straightforwardanalysisshowsthat this effect can lead to severehysteresisand thermal bistability.This
modelis in agreementwith experiments
that have beenperformedusinga fusedsilicaacousto-optic
modulator.

PACS numbers: 43.25.Gf, 43.85.Kr, 43.88.Fx

INTRODUCTION

Acoustic resonance phenomena in solids are finding
increasing numbers of practical applications where
high Q and frequency stability are important criteria.
Well-known examples include crystal filters and frequency standards. In all such systems there are inevitably loss mechanisms, and the dissipation associated with these losses always raises the temperature
of the resonator above the ambient temperature. ff the
device characteristics are functions of temperature, the
resonator response will necessarily be a nonlinear function of the excitation amplitude. For most applications
this nonlinearity can be avoided by simply maintaining
the excitation at a sufficiently low level and keeping the
ambient temperature constant. However, for other applieaUons large excitation levels are inevitable. With
acousto-optic devices, for example, the efficiency of
light diffraction is often roughly proportional to the intensity of the acoustic waves, and there may be practical reasons for operating an acousto-optie modulator
at a power level where thermal effects cannot be neglected.

ing of these effects is essential in obtaining optimum
performance from acousto-optic' modulators. In Sec. I
we present an analytical model which accounts for the
main features

of nonlinearities

in acoustic

resonance

phenomena is well known, and several different types
of nonlineartries

have been discussed.

One of the first

thermal

nonlineartUes.

Specifically, the model explains the observed features
of thermal hysteresis and bistability as well as more
complex transient effects resulting from abrupt changes
in input power or frequency. Experimental evidence in
support of the model is discussed in Sec. H.
I. THEORY

Before one could commence a rigorous investigation
of thermal effects in aeousto-optic modulators it would
be necessary to have a detailed understandingof all of
the amplitude dependentloss mechanisms involved.
There have been several studies of loss processes in

crystals and glasses.? The acousticattenuationcoefficients for many aeousto-optic materials are now known,
and there has also been progress in predicting coefficients for new materials. s'g Unfortunately, there are
many other loss mechanisms that would dependon the
details of the resonator and driver geometries, and the
rate

The existence

of the observed

of heat flow between these elements

and their

vironment would also be difficult to predict.

en-

Accord-

ingly, we will simply adoptthe reasonable assumption

and most important nonlinearities to be noted is related
to power dependent heating of a resonating material

that the rate of energy dissipation is proportional to
the amplitude squared of the acoustic wave, and the
proportionaltry constant will be left for experimental

The vibrations

determination.

friction,

create

heat due to internal

and external

and this heat causes changes in the resonant

frequencythat dependon the amplitudeof vibration.•
More specifically the frequency change can arise from
temperature dependent changes in the density, dimen-

The basic steady-state amplitude response function
for a high Q acoustic resonator can be characterized
by the Lorentzian function -

sions, and elastic coefficients of the material, together
with possible temperature dependent effects in the supporting structure. In the development of extremely

stable quartz frequency standards, a strain dependence
of the elastic coefficients has also been observed. •

where xo is the normalizedamplitudeof the sinusoidal
excitation, x is the amplitude of the response, v is the
frequency of the excitation, •o is the center frequency

More recently there have Deen extensive studies, most-

of the resonance,

ly theoretical, of the elastic, •lectric,

mum. Thi• type of responsefunctioncan be easily de-

tric

nonlinearlites

that are intrinsic

and elastoelec-

to all elastic

di-

electrics.S-e In these studies, losses and associated
temperature changes are generally explicitly excluded,
although the potential importance of such effects is

sometimes recognized.4 We have foundthat for some
acousto-optic applications strong thermal nonlineartiles
are unavoidable, and at least a qualitative understandaYermanent address: School of Engineering and Applied
Science, University of California, Los Angeles. CA 90024.
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and ,xv is the full width at half-maxi-

rived for the simplest resonator consisting of a mass
attached to a damped spring, and it also describes well
the high Q response of more general oscillating systems. to For the case of acoustic resonators having
many Fabry-Perot-like
resonant modes, as in the experiments described below, the Lorentzian resonance
approximation is valid as long as the resonances are
separated by much more than
The essence of the nonIinearity of interest here is
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that the resonancefrequency •o is a function of temperature, while the temperature is itself a function of the

amplitude x given in Eq. (1). For small amountsof
acoustic heating it is reasonable to suppose that the
resonance frequency would be a linear function of the

temperature deviation from the ambient temperature TO.
Therefore Eq. (1) can be rewritten in the form

Ixl2=1%[2/(1+{2[

a(T- To)liable)
,

(2)

where a is the appropriate temperature coefficient. It
is also convenient to introduce a normalized frequency

parametery=2(•,- •,o)/A•,anda normalizedtemperature
coefficient a=2a/A½. Thus Eq. (2) reducesto

]xla=
Ixola/{l+[y-a(T- To)IS}.

(3)

The temperature of the acoustic resonator is governed

by the energybalanceequation
n

dT T-r To+bp
'

(4)

dt

where r is the temperature relaxation time, P is the
absorbed power, and the coefficient b is related to the
volume and specific heat of the resonating material.
It may also be noted that the absorbed power is propor-

tional to the amplitudesquaredof the oscillation." Thus
if the various coefficients were known, Eqs. (3) and (4)
would provide a complete description of the time dependence of the temperature and absorbed power for vari-

ous values of the frequency and input power.
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FIG. 1. Normalized absorbedpower P' as a function of the

normalizedfrequencyy = 2(•- %)/A• for variousvaluesof the
incidentpower P•.
curve. When the driving frequency is decreased from a
high value, on the other hand, the corresponding jump
occurs at a lower frequency. As discussed below, the
nature of these jumps can be much more complicated if
the frequency changes are not slow compared to the
thermal relaxation time r, i.e., if the steady-state approximation ceases to be valid.

Several aspects of the curves shown in Fig. I can be
described in simple analytical terms. In particular,

the maximum response is always P• and this value is
obtainedat the frequencyy•k =P•. The half-power

pointsoccurat the frequenciesy•z=P•/2+I. For very
small valuesof P• no bistability occurs, andthis effect

To examine the implications of Eqs. (3) and (4) it is
helpful to introduce the normalized

-12

set of variables

T'=a(T- To), P'=rabP, t'=t/z. ThenEqs. (3) and(4)
can be written simply

first appears
atP? 8(27)
-• -•1.54. Forthismarginal
ease the important right-hand inflection point occurs at

y=3Is, p,:2(3)-•.

dT'

dr' =- T'+P',

(5)

P': iø•,/[l+(Y- T•a],

(6)

where P• representsthe incidentpower level. The
steady-state solutions are of particular interest. In

Typical time-dependentsolutionsof Eqs. (5) and (6)
are given in Fig. 2 for the situation in which the normalized frequency y is increased in steps of Ay= 1 beginning at large negative values. The horizontal axis
corresponds for compactness to both frequency and
time, and the interpretation of these curves can be

the limit of very slow variationsof P• andy onefinds
T'=P' and Eq. (6) is

P': P•/[I +(Y- P•a] .

10

'

'

I

'

'

(7)

This is a cubic equationfor P; and the solutionsmay
be obtained either numerically or analytically.

The solutions of Eq. (7) are plotted in Fig. 1 for vari-

p'

ous values of P•. The resulting curves look muchlike
the ordinary Lorentzian functions implied by Eq. (1)
except that the peaks of the curves are displaced toward
higher frequencies. The most striking feature of these

results is that for large values of the incident power P&
the absorbed power is double valued. Thus the response
of an acoustic resonator to an excitation at frequency y
depends on the past history of the system. A similar
behavior

has also been attributed

to nonlinear

elastic

coefficients in quartz. s The basic idea here is that if
the excitation frequency is slowly increased from negative values for a fixed P•, then the response P' will follow up along the top side of the tilted Lorentzian until

it falls off the tip of the curve. From there the response
will abruptly jump to the lower right-hand wing of the
1413
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FIG. 2. ^bsorbedpoweras a functionof frequencyandtime
for/•0 10 as the frequencyi8 increasedin stepsolay= 1,
Thusthe curve commencing
with a vertical line above•- 0,

for example,representsthetime dependence
of P• wheny has
Justbeen switchedfrom steady-state operation at y ,,-- 1. The
time scale of the curves is such that a time increment of At'

= I correspondsto a y scale translationof A• = 2. The dashed
curve is the steady-stateP0= 10 plot from Fig. I translated
to the r}ght by Ay = 1.
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illustrated by considering a particular example. Thus
one of the curves in Fig. 2 includes a vertical line segment at the frequency y=- 1 which extendsfrom about
P'=I.1 to P'=2.0. This is meant to indicate that at some
instant of time the resonator is switched from a steady-

6-

!

state value of P'= 1.1 at the frequency y= - 2 to the new

frequency y=- 1. Immediately after this frequency

switchthe absorbedpower rises instantlyto about
=2.0.

Such an abrupt change is an obvious consequence

of Eq. (6) for times so short that T' remains constant.
As the time t' increases the power decays more-or-less

exponentially
to a newsteady-statevalueof about
= 1.4, and it is this decaying behavior that is represented by the curved lines in the figure. The time scale for
these plots is such that an increase in the normalized
time t' of the amount At'= 1 corresponds to a displace-

ment along the 2 axis of A2 = 2.

The rather complicatedlooking features of Fig. 2 can
all be interpreted physically. For instance when the
resonator has been operating for a long time at the frequencyJ•=4, the absorbedpower will have arrived at
the steady-state value P'= õ as shownin Fig. 1. If the
frequency were from this point scannedaround so quickly that the temperature could not vary, the power curve
would be found to be an ordinary Lorentzian of maximum value P'= 10, centered at 2 = 5, and having its half-
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FIG. 3. Absorbedpoweras a functionof frequency'andt/me

for P•= 10asthefrequency
Lsdecreased
LnstepsofAy=1.
Interpretation
of theseplotsis as in Fig. 2, andthedashed
curveis theP•= 10 plotfrom Fig. I shiftedto the [eftby Ay
=1,

low. Even when this is donethe frequency steps (or

the rate of changeof frequencywith time) mustbe kept
very small to achieve anywhereclose to the maximum
valueof P'=P•. In Fig. 2, for example,the frequency
stepswere Ay= 1 andthe higheststeady-statepower
achievedwas about0.84 P•.

powerpoint, wherethe discussionstarted--at 2=4, P'

II.

= 5. Therefore, as Fig. 2 reveals, when the frequency
is abruptly switched from 2 = 4 to 2 = 5 the absorbed power jumps to P'= 10. H the frequency is left at this new

tic resonator which exhibits the hysteresis phenomena

value, additionalheatingoccurs andthe center frequency of the ordinary Lorentziandescribedaboveslowly
slidesto a higher frequencycausinga gradual reduction

loss modulationof an argonion laser. •3 A transducer

in the absorbed power. If the frequency is then increased to a higher value, the gradual heating causes
the peak of the ordinary Lorentzian to scan past the

appliedfrequency. Thus the curves starting to the right
of 2= 5 have roundedtops peaking at P'= 10. Eventually
a point is reached where a jump upward in frequency
{to 2= 9 in this case) requires an instantaneousdecrease
in absorbed power. The resulting decline in temperature causes the ordinary Lorentzian to shift left which

EXPERIMENT

We have performed several experiments on an acous-

discussed in the previous section. The resonator is a
fused silica prism which is intendedfor acousto-optical
is mounted on the end of the triangular prism, which is

approximately0.55 cm long x 1.15x1.15x0.90 cm. It
is kept in a temperature controlled housingto stabilize
the ambient temperature, which is monitored with a
thermistor.

The transducer is driven by a variable

frequencyRF power supply. The RF power not absorbed by the resonator is reflected back to a directional
0.3

leads to further decreases in absorption. This process
continues until a steady operating point is reached on

To = 27'C

the right-hand wing of the Lorentzian. The dashed lines
in the figure are intendedto represent the fact that the

steady-stateoperating pointsfall on the Po- 10 curve
of Fig. I {in this representationthe curve is shiftedto
the right by At'=0.5 or
Solutionsof Eqs. (5) and (6) are given in Fig. 3 for the
case in which the normalized

frequency y is decreased

in steps of A2= 1 beginningat large positive values. The
interpretation of these curves is essentially the same
as in the previous case and little comment is needed
here. Again both time and frequency increase to the

right. Perhapsthe most interesting single phenomenon

37.74 •77

in Fig. 3 occurs after the frequency is reduced from

37.e0

37.83

3 .•

.

Frequency U (HHz)

2=4 to 2=3. At that time there is a brief absorption

FIG. 4. E•ertmen•l

peak as the center frequency of the ordinary Lorentz-

versusfrequencyfor variousLevelsof incidentpower: a, P•

tan slides past 2=3. From a comparisonof Figs. 2 and
3 it is clear that highabsorptionlevels are onlypossible if the resonancefrequencyis approachedfrom be-

= 0.095W; b, P• = 0.154W; c, P•= 0.226W; d, P•= 0.280W;
e, P•= 0.332W. The•bient t•pera•re r•a[ns constant
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thro•hout

plots of steady-state absorb• •wer

at 27.0 • C.
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FIG. 5, Experimental plots of steady-state absorbed power
versus frequency for various ambient temperatures. The
acoustic resonator is driven at an Lucideat power of 0.095 W,
and the temperature is measured with a calibrated thermistor.

•7.7B

•7.BD

•7.mt

•7. e•

E/. •t

•.•4

Frequency U {MHz)
FIG. 7. Absorbed power as a function of time for an Lucideat

power of P0= 0.095 W as the frequencyis Lucreseedin steps
of Av = 5 kHz. The time dependence is showu [or 50 s iu each

case. When the frequency is switched from 37 805 to 37 810

coupler at the power supply. This reflected RF power
is monitored and used to calculate the power absorbed
by the resonator.
Plots of absorbed power versus frequency for one
resonance of the acousto-optic prism are shown in Fig.

4 for several different values of the incident power. In
obtaining these plots the frequency was slowly raised
or lowered in very small frequency steps so that as
much as possible of the steady-state hysteresis curves
could be discerned. The results are seen to be qualitatively identical to the predictions of the theoretical model that has been discussed. The slight discrepancies in
the baseline and spacing of the curves are due to power
calibration errors and possibly a temperature depen-

dence of the coefficients in Eqs. (4). Extremely strong
hysteresis and histability effects are observed, and the

absorptionlevel at a particular frequencymay change
by more than an order of magnitude depending on the
past history of the resonator.

kHz the absorbed power decreases as the resonator rs[is out of
resouance. Compare with Fig. 2.

To demonstrate that the effects are thermal in nature,
the resonance is plotted out in Fig. 5 at different ambient temperatures for the same incident power. From
this figure it is clear that small temperature changes
can have a significant effect on the frequency characteristics. Figure 6 is obtained by plotting the positions
of the extrapolated peaks in Fig. 5 as a function of temperature. The temperature dependence is found to be

linear in agreement with Eq. (2), with an experimental
temperature coefficient of a= 5.4 kH•. øC-•. Assuming
a resonance width of Ap=4 kHz we obtain an experimental estimate for the coefficient c, of 2.7 øC-•.

Totestthemored•talledpredictions
ofthetime-dependent model• we have altered the excitation frequency
in steps of 5 kHz and noted the absorbed power as a
function of time. The results as displayed in Figs. 7

.t0

= 0.095

Watts

Po ' .095 W
To = 27 o C

o i0

20 3o 40 50

Tirol 9•mmle

37.77

Peal( Frequency

FIG. 6. The frequencyof the peaks of the resonaucesof Fig.
5 versus temperature. This shows that the resonant frequency
is LinearLydependenton temperature with a eoefficieut of a

= 5.4 kH•- øC-m.
{415
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37.73

37.73

37.90

37.8f

37.82

37.33

37.B4

Frequency )J (MH7)

FIG. 8. As for Fig. 7 except that the frequency is decreased in
steps. When the frequency is switched from 37 800 to 37 795
kHz the power absorbed increases to a maximum before settling down to a steady level. Compare with Fig. 3.
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and 8 are seen to be in excellent qualitative agreement
with the theoretical predictions illustrated in Fi•s. 2
and 3. From the time dependences shown in these plots
it can be inferred that the time constant of Eq. (4) is
approximately •--2.5 s. Using the previously noted fact
that the peak of the resonance occurs at the normalized

frequencyyp• =P• one can easily showthat V•k -- VO
=abPo•'. Hence the coefficient b can be foundfor our
system to be 23.4 •'C W-•s -•. All of the coefficients appearing in Eqs. (2) and (3) have now been determined,
so that the response of our system could be predicted
theoretically for arbitrary time-dependent operating

ies described here might often dominate the more subfie Hooke's law nonlineartries

that have received such

extensive theoretical treatment.

Consequently, in any

experimental demonstrationof nonlinear elastic coefficients considerable care may be required to ensure that
thermal

effects are not also occurring.
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conditions.

III.

CONCLUSION

For some applications of acoustic resonators the
power levels are sufficient to cause a slight heating of

the resonating material. This heating leads to changes
in the elastic properties and dimensions of the resonator and its supporting structure, and inevitably there
are also chan•es in the resonance frequency. In a high
Q system these changesmay be sufficient to introduce
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